Nonclassicality of quantum excitation of classical coherent field in photon loss channel 
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We investigate the nonclassicality of photon-added coherent states in the photon loss 
channel by exploring the entanglement potential and negative Wigner distribution. The total 
negative probability defined by the absolute value of the integral of the Wigner function over 
the negative distribution region reduces with the increase of decay time. The total negative 
probability and the entanglement potential of pure photon-added coherent states exhibit 
the similar dependence on the beam intensity. The reduce of the total negative probability 
is consistent with the behavior of entanglement potential for the dissipative single-photon- 
added coherent state at short decay times. 
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Nonclassical optical fields play a crucial role in un- 
derstanding fundamentals of quantum physics and have 
many applications in quantum information processing 
[l| . Usually, the nonclassicality manifests itself in specific 
properties of quantum statistics, such as the antibunch- 
ing 0, sub-poissonian photon statistics Q, squeezing in 
one of the quadratures of the field 0], partial negative 
Wigner distribution [5j, etc.. 

When the nonclassical optical fields propagate in the 
medium, they inevitably interact with their surrounding 
environment, which causes the dissipation or dephasing 
6]. It is well known that the dissipation or dephasing 
will deteriorate the degree of nonclassicality of the op- 
tical fields. A quantitative measure of non-classicality 
of quantum fields is necessary for further investigating 
the dynamical behavior of their non-classicality. Many 
authors have investigated the relations between non- 
classicality of optical fields and the entanglement and 
shown that non-classicality is a necessary condition for 
generating inseparable state via the beam splitter 0]. 
Based on them, a measure called the entanglement po- 
tential for quantifying the non-classicality of the single- 
mode optical field has been proposed Q. The entangle- 
ment potential is defined as the entanglement achieved 
by 50:50 beam splitter characterized by the unitary op- 
eration Ubs — e^( atfc+afct ) acting on the target optical 
mode a and the vacuum mode b. Throughout this paper, 
log-negativity is explored as the measure of entanglement 
potential. The log-negativity of a density matrix p is de- 
fined by [9( 



N{p)=\og 2 \\p T \\, 



(1) 



where p T is the partial transpose of p and ||p r || denotes 
the trace norm of p T , which is the sum of the singular 
values of p T '. 
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Nevertheless, experimental measurement of the en- 
tanglement potential is still a challenge task. How to 
quantify the variation of the nonclassicality of quantum 
fields based on the current mature laboratory technique 
is an interesting topic. The Wigner function is a quasi- 
probability distribution, which fully describes the state 
of a quantum system in phase space. The partial nega- 
tivity of the Wigner function is indeed a good indication 
of the highly nonclassical character of the state. Recon- 
structions of the Wigner functions in experiments with 
quantum tomography [13, [O, [HJ have demonstrated ap- 
pearance of their negative values, which can not be ex- 
plained in the framework of the probability theory and 
have not any classical counterparts. Therefore, to seek 
certain possible monotonic relation between the partial 
negativity of the Wigner distribution and the entangle- 
ment potential may be an available first step for exper- 
imentally quantifying the variation of nonclassicality of 
quantum optical fields in dissipative or dephasing envi- 
ronments. 

Here, for clarifying the feasibility of this idea, we inves- 
tigate the nonclassicality of photon-added coherent states 
in the photon loss channel by exploring the entanglement 
potential and negative Wigner distribution. The total 
negative probability defined by the absolute value of the 
integral of the Wigner function over the negative distri- 
bution region is introduced, and our calculations show it 
reduces with the increase of decay time. The total neg- 
ative probability and the entanglement potential of pure 
photon-added coherent states exhibit the similar depen- 
dence on the beam intensity. The reduce of total nega- 
tive probability is consistent with the behavior of entan- 
glement potential for the dissipative single-photon-added 
coherent state at short decay times. 

The photon-added coherent state was introduced by 
Agarwal and Tara [13| . The single photon-added co- 
herent state (SPACS) is experimentally prepared by Za- 
vatta et al. and its nonclassical properties are detected 
by homodyne tomography technology Such a state 
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represents the intermediate non-Gaussian state between 
quantum Fock state and classical coherent state (with 
well-defined amplitude and phase) [HI]. For the SPACS, 
a quantum to classical transition has been explicitly 
demonstrated by ultrafast time-domain quantum homo- 
dyne tomography technique. Thus, it is timely to analyze 
how the photon loss affects the non-classicality of such 
kind of optical fields. 

Let us first briefly recall the definition of the photon- 
added coherent states (PACSs) [H[. The PACSs are de- 



fined by 



a), where \a) is the coherent state 



•y/ N(a,r 

with the amplitude a and a) is the creation operator 
of the optical mode. N(a,m) = mlL m (—\a\ 2 ), where 
L m (x) is the mth-order Laguerre polynomial. When the 
PACS evolves in the photon loss channel, the evolution 
of the density matrix can be described by [|| 



d P 7/ + 
* = 2 {2apa 
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(2) 



where 7 represents dissipative coefficient. The corre- 
sponding non-unitary time evolution density matrix can 
be obtained as 
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(3) 



where L(t) = e -i"> ta1a . For the dissipative photon-added 
coherent state in Eq.(3), the total output state passing 
through a 50/50 beam splitter characterized by the uni- 
tary operation e^ 1 ^ h+ah ^ with a vacuum mode b can 
be obtained or 

(Hot = D a (t)D b (t) — f Y, 



m\L m {-\a\ 2 ) 



k=0 



E k E^ m \m){m\E m E^ k Dl{t)Dl{t),{A) 



where D a (t) = e f and D b (t) = 

e ^a{t)b i + (t)b are displacement operators of the 
modes a and b, respectively, where a(t) = ae -72 */ 2 . 

E = ^a— + ae~i J2t . The local unitary operators 
can not change entanglement, therefore, we only need to 
consider the entanglement of the mixed state given as 
follows: 
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The log-negativity of the above density matrix can be an- 
alytically solved for the case of single photon excitation, 
i.e. m = 1, but its expression is still lengthy. The corre- 
sponding entanglement potential of the SPACSs quanti- 
fied by log-negativity is given in Fig. 5(b). 



On the other hand, the presence of negativity in the 
Wigner function of the field is also the indicator of non- 
classicality. The Wigner function, the Fourier transfor- 
mation of characteristics function [lq ] of the state can be 
derived by [l7| 



W(p) = -Tr[(6 e - d )D((3)p&((3)}, 



(6) 



where O e = £" =0 \2n)(2n\ and 6 Q = J2n=o |2n + l)(2n+ 
1 1 are the even and odd parity operators respectively. In 
the photon loss channel described by the master equa- 
tion (2), the time evolution Wigner function satisfies the 
following Fokker-Planck equation [l8| 



7 d 



9 



+ iW + v )ww) - (7) 

where q and p represent the real part and imaginary part 
of (3, respectively. Substituting the initial Wigner func- 
tion of a SPACS [I! 



W(q,p,0) 



= -2L 1 (\2g + 2ip-a\ 2 ) 2 | Q+Ip _ a p 
^i(-|a| 2 ) 



(8) 



and the initial Wigner function of a two photon-added 
coherent state (TPACS) QJ] 



nL 2 {-\a\ 2 ) 



(9) 



into the Eq.(7), we can obtain the time evolution Wigner 
function. In Fig.l, the Wigner function of the SPACS 
with a = 0.5 at three different values of decay time are 
plotted. The phase space Wigner distribution of the pure 
SPACS with a = 0.5 loses its circular symmetry and 
moves away from the origin because of the appearance 
of a definite phase. The partial negativity of the Wigner 
function indicates the nonclassical nature of the single 
quantum excitation of the classical coherent field. The 
photon loss causes the gradual disappearance of the par- 
tial negativity of the Wigner function. The tilted ring- 
like wings in the distribution gradually start to disap- 
pear and the distribution becomes more and more sim- 
ilar to the Gaussian typical of a classical coherent field. 
In Fig. 2, the phase space Wigner distributions at p = 
of the SPACSs in the photon loss channel are depicted 
for several different values of a and jt, from which the 
influence of photon loss on the partial negativity of the 
Wigner function is explicitly shown. For the cases of 
a = 0.1, 0.5, 1.0, 1.5, it is found that those curves W(q, 0) 
at decay times jt = 0, 0.2, 0.4, 0.6 exhibit the partial neg- 
ativity. The further photon loss will completely destroy 
the partial negativity. One can also find that, the larger 
the parameter \a\, the more rapidly the Wigner function 
tends to the Gaussian function. The pure TPACSs ex- 
hibit more non-classicality than the pure SPACSs when 
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FIG. 1: The Wigner functions of the SPACS with a = 0.5 in 
photon loss channel are depicted for three different values of 
decay time jt. 



the entanglement potential is adopted as the measure of 
nonclassicality |19j. In Fig. 3, the Wigner functions of 
TPACSs with the parameter a = 0.5 at three different 
values of decay times are depicted. It is also shown that 
the photon loss deteriorates its partial negativity. For 
more explicitly observing the details, we plot W(q, 0) of 
the TPACSs with different values of a and jt in Fig. 4. 
Different from the cases of SPACSs, here, W(q, 0) of these 
pure TPACSs with |a| < 1 have two explicit negative lo- 
cal minimal values. As \a\ increases, the absolute value 
of the negative local minimum at the left more rapidly 
decreases than the one at the right. As jt increases, 
the absolute value of negative minimum of W{q, 0) de- 



FIG. 2: The Wigner distribution function at p — of the 
SPACSs with four different values of initial amplitudes a in 
the photon-loss channel are depicted for several decay times 
"/t. From bottom to top, the decay times ft are 0, 0.2, 0.4, 
0.6, 0.8, 1, 1.2, respectively, (a) a = 0.1; (b) a = 0.5; (c) 
a = 1.0; (d) a = 1.5. 

creases which implies the decreases of the non-classicality 
of the states. When jt exceeds a threshold value, the 
partial negativity of the Wigner distribution can not be 
explicitly observed from this figure. Similarly, the larger 
the parameter \a\, the more rapidly the Wigner function 
of the TPACSs in the photon-loss channel tends to the 
Gaussian function. A natural question arises whether 
the partial negativity of the Wigner function can be used 
to quantitatively measure the non-classicality of certain 
kinds of nonclassical fields. It is obvious that the nega- 
tive minimum of the Wigner function can not appropri- 
ately quantitatively measure the nonclassicality. For ex- 
ample, comparing Fig.2(a,b) with Fig.4(a,b) respectively, 
the negative minimum in the Wigner function of the pure 
SPACSs is smaller than the one of the pure TPACSs. 
However, there was already the evidence that the pure 
TPACSs possesses larger nonclassicality than the pure 
SPACS with the same |a| [ijj]. Nevertheless, the abso- 
lute value Pnw of the total negative probability of the 
Wigner function may be a good choice for quantifying 
the nonclassicality. Pnw is defined by 

Pnw = I / W(q,p)dqdp\, (10) 
Jn 

where is the negative Wigner distribution region, and 
|ir| represents the absolute value of x. In Fig. 5(a), we plot 
Pnw of the SPACSs with different values of a as the func- 
tion of "ft. Pnw decreases with "ft, and becomes invisible 
after a threshold value of jt ~ 0.7. In Fig. 5(b), the entan- 
glement potential quantified by log-negativity of SPACSs 
in the photon-loss channel is plotted. The entanglement 
potential also decreases with "ft. These calculations par- 
tially elucidate the consistent between Pnw and the en- 
tanglement potential of the dissipative SPACSs at short 
time. Currently, the experimental quantitative investiga- 
tion of the nonclassicality of the quantum optical fields is 
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FIG. 3: The Wigner functions of the TPACS with a = 0.5 in 
photon loss channel are depicted for three different values of 
decay time yt. 



still an open issue, and the experimental measurement of 
entanglement potential has still several technical difficul- 
ties. So, the measurement of Pnw may be adopted as a 
replaced approach to investigate the influence of photon 
loss on the nonclassicality of the SPACSs. In Fig. 5(c), 
we also investigate the effect of photon loss on Pnw of 
the TPACSs with various values of a. At short decay 
times 7i < 1, the values of Pnw of the TPACSs are 
larger than those of the SPACSs with the same beam 
intensity \a\ 2 . However, Pnw of the TPACSs is more 
fragile against photon loss than the one of the SPACS. 
As an illustration, for a = 0.1 and yt > 0.34, the Pnw 
of TPACSs is smaller than the one of SPACS. 

From Fig. 5(b), we can also find that the entanglement 
potentials of SPACSs with different values of \a\ < 1 
more rapidly decrease than the ones of SPACSs with 
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FIG. 4: The Wigner distribution function at p — of the 
TPACSs with four different values of initial amplitudes a in 
the photon-loss channel are depicted for several decay times 
-yt. From bottom to top, the decay times yt are 0, 0.2, 0.4, 
0.6, 0.8, 1, 1.2, respectively, (a) a = 0.1; (b) a = 0.5; (c) 
a = 1.0; (d) a = 1.5. 




FIG. 5: (a) The absolute values Pnw of negative Wigner dis- 
tribution probability of the SPACSs with several different val- 
ues of initial amplitude a are plotted as the function of decay 
time yt in photon loss channel, (b) The entanglement poten- 
tial measured by log-negativity of the SPACSs in photon-loss 
channel are plotted as the function of yt. (c) The absolute 
values Pnw of negative Wigner distribution probability of the 
TPACSs with several different values of initial amplitude a 
are plotted as the function of decay time yt in photon loss 
channel, (d) P N w of the pure SPACSs and the pure TPACSs 
are plotted as the function of \a\. 



\a\ > 1 in the photon loss channel. Both the pure 
SPACSs and pure TPACSs are non-gaussian nonclassical 
states with partial negativity of the Wigner distributions 
for any large but finite values of |a|. In Fig. 5(d), the 
dependence of Pnw of the pure SPACSs and the pure 
TPACSs on \a\ are shown. It is found that both the 
Pnw °f the pure SPACSs and the pure TPACSs reduce 
with the increase of \a\, and the TPACS possesses larger 
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Pnw than the SPACS with the same value of \a\. This 
property is also coincident with the dependence of en- 
tanglement potentials of the pure SPACSs and the pure 
TPACSs on |a| [Hj]. 

In summary, we have investigated the non-classicality 
of photon excitation of classical coherent field in the pho- 
ton loss channel by exploring both the entanglement po- 
tential and the partial negativity of the Wigner func- 
tion. The total negative probability defined by the ab- 
solute value of the integral of the Wigner function over 
the negative distribution region is introduced. Consis- 
tent behaviors of the total negative probability and the 
entanglement potential of single quantum excitation of 
classical coherent fields are found for the short time pho- 
ton loss process. Similar dependence of the total neg- 
ative probability and the entanglement potential on the 
beam intensity is revealed for few photon-added coherent 
states. The partial negativity of the Wigner function can 



not be observed when the decay time exceeds a threshold 
value, while the entanglement potential always exists for 
any large but finite decay time. In the future tasks, it 
is interesting to investigate the variation of nonclassical- 
ity of general nonclassical states in gaussian channel or 
non-gaussian channel. 
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